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THE PRYM GREEN CONJECTURE FOR TORSION LINE BUNDLES OF 

HIGH ORDER 

GAVRIL FARKAS AND MICHAEL KEMENY 


Abstract. Using a construction of Barth and Verra that realizes torsion bundles on sections 
of special K3 surfaces, we prove that the minimal resolution of a general paracanonical curve 

C of odd genus g and order i > is natural, thus proving the Prym-Green Conjecture of 

|CEFS| . In the process, we confirm the expectation of Barth-Verra concerning the number of 
curves with Gtorsion line bundle in a linear system on a special K3 surface. 


A paracanonical curve of genus g and order £ > 2 is a smooth curve C 

4>Kc®v ■ ^ ^ 

embedded by the paracanonical linear system Kc®r], where g G Pic^(C) is a torsion line bundle 
of order Pairs [C, g\ , which we often refer to as smooth level i curves, form an irreducible 
moduli space TZg^i, whose birational geometry has been studied in [CEFS| and |CF] . For integers 
p,q > 0, we introduce the Koszul cohomology group of p-th syzygies of weight q 

Kp,g{C, Kc®g) = Tor^(Fc(i^c ® 

where S := Sym H^{C, Kc ® ??) = C[xi,..., Xg-i] is the polynomial algebra and 

Tc{Kc ® t?) := 0 (C, (Kc 0 p)®-) 

n>0 

is the homogeneous paracanonical coordinate ring, viewed as a graded S'-module. The graded 
Betti numbers of the paracanonical cnrve [C, g] are defined by bp^g := dim Kp^q{C, Kc 0 g)- 

The main result of this paper is a proof of the Prym-Green Conjecture formulated in |CEFS) 
for general paracanonical curves of odd genus g of all but finitely many levels 1. 

Theorem 0.1. Let [C,g\ G Kg^i he a general level I curve of odd genus g, such that I > \j 2^. 

Then the resolution of the associated paraeanonical curve C C is natural, that is, the 

following vanishings of Koszul cohomology groups hold: 

Kg-3 , (C, Kc 0 p) = 0 and Kg-? JC, Kc 0 ??) = 0 

The naturality of the resolution amounts to the vanishing bp ^2 • ^p+i,i = 0 for all p, that is, 
the product of Betti numbers on each diagonal in the Betti diagram of the paracanonical curve 
vanishes. The Prym-Green Conjecture in odd genus and level t = 2 (that is, for classical Prym- 
canonical curves) has been proved in |FK| . Theorem |0.1| completely determines the minimal free 
resolution of the paracanonical ideal Ic S m. genus g = 2i -\-b, which has the following shape: 
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where, 

p{2i — 2p+l) f2i + A 


bp,i — 


2z + 3 


p+1 


for p < i, and bp ^2 = 


jp + l){2p - 2i + 1) /2i + 4 
+ 3 + 2 


for p > i. 


Note that the resolution is natural, but fails to be pure in column i, for both Koszul coho¬ 
mology groups Ki^i{C, Kc ® p) and Ki^ 2 {C, Kq ® p) are non-zero. In this sense, the resolution 
of the general level I paracanonical curve of odd genus has the same shape as the resolution of 
the general canonical curve of even genus, which verifies Green’s Conjecture m- 


The method of proving Theorem 0.1, can be employed to give a partial solution to the Prym- 
Green Conjecture on paracanonical curves of even genus as well. We write g = 2i-|-6, and since it 
can easily be computed that dim Ki^ 2 {C,Kc®p) = dim KiJ^i^i{C,Kc®p) for any [C,p\ G Tig/, 
the Prym-Green conjecture from |CEFSj amounts to a single vanishing statement, namely 


( 1 ) Ki,2{C,Kc®p) = ^. 

Equivalently, the paracanonical curve C C verifies the Green-Lazarsfeld property (W)- 

The Prym-Green Conjecture is expected to fail for 1 = 2 and <7 = 2”’ > 8. The reasons for 
this failure are not yet understood geometrically. In |GEFSj the conjecture has been checked 
using Macaulay2 for levels ^ < 5 and g < 18, with the two already mentioned exceptions 1 = 2 
and g G {8,16}. One expects no further exceptions for levels £> 3, that is, the resolution of 
the general paracanonical curve should always be natural. Here we prove a weaker version of 
the conjecture in even genus, subject to the same numerical restrictions concerning the level as 
those in Theorem [QTl 

Theorem 0.2. Let g > 8 be even and I an integer level such that £ = 2 or £ > Then for 

a general level £ eurve [C, p] G the following vanishings hold: 

Ki_^ 2{C,Kc ®p) = and Kc ® p) = £)■ 


The conclusion of Theorem |0.2| can be reformulated in terms of the graded Betti table of a 
general level £ paracanonical curve 4>Kc®v ■ ^ ^ which has the following shape: 
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Table 1 . The Betti table of a general paracanonical curve of genus g = 2i -\-G 


where. 


bp,i — 


l'2i + 5\p{i - p + 1) 
VP + 1 / i + 2 


for p < i, 


and 


2i -h 5\ (p -F l)(p - i) 
P ~\~ 2 J i -\~ 2 


for p > z -|- 1. 


The question marks in Table refer to the common value fei+iq = bi^ 2 , which is expected to 
be zero, at least when i > 3. To settle this last case of the Prym-Green Gonjecture and, in 
particular, explain the puzzling exceptions in level 2, genuinely new ideas seem to be required. 


The proof of Theorems 0.1 and 0.2 in the case when £ is relatively high with respect to g 
uses in an essential way special K3 surfaces and a beautiful idea of Barth-Verra |BV] . Gontrary 
to the approach via Nikulin surfaces employed in m when £ = 2, m. this paper we take the 
opposite approach of fixing the genus and instead letting the level grow high with respect to the 
genus. 
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In what follows, we describe the Barth-Verra construction. We fix a smooth K2> surface Xg 
such that Pic(Xg) D Z ■ L (B ■ H, where 

L^ = 2g-2, L-H = 2g-2, H'^ = 2g-6, 

then set r] := H — L € Pic(Xg). For each curve C G \L\, let rjc '■= ® £ Pic‘^(C') be the 

restriction. Since dim \L\ = g and Pic^(C') has also dimension g, one expects the set 


r, := [c G \L\ : ^ Oc] 

to be finite for each i > 2. Using a Chern class computation, it is shown in |BV] that I} is 
indeed finite and 


( 2 ) 



provided the following two assumptions are satisfied: 

(i) all curves C € \L\ are irreducible, and 

(ii) each curve C € 7} contributes with multiplicity one. 

Condition (ii) is to be understood with respect to the scheme structure on 7^ as a subvariety 
of a certain Segre variety defined in §3 of [BVj . Whereas assumption (i) is clearly satished when 
for instance Pic(Xg) = Z • L © Z • 71, assumption (ii) seems more delicate and a priori one 
knows nothing about the singularities of the curves C G 7i. On the one hand, the formula (§ 
counts the number of divisors C G |L| such that gc has order dividing i, since for composite 
i torsion points of orders dividing i also contribute. On the other hand, already for i = 2, 
when Xg is a polarized Nikulin surface of genus g in the sense of [vOS] or |FVj . clearly 72 = |Z| 
is ^-dimensional, although the expected number computed by formula ([^ equals zero, as soon 
as g > 7. One of the main results of this paper is to show that the conjecture (ii) of Barth- 
Verra does indeed hold, when Xg is general in moduli, and all curves C € Ti are smooth. 
Rather than following the suggestion from M. Green’s letter in §8 of |BVj and use Griffiths’ 
infinitesimal invariant for normal functions, we instead deal with the transversality issues by 
explicit degenerations to elliptic K3 surfaces. We explain our results. 


Definition 0.3. We fix g >3 and let Tg he the rank two lattice generated by elements L, g with 

= 2g — 2, g"^ = —4, L ■ g = 0. 

A smooth K3 surface Xg with Pic(N'g) = and with L big and nef is said to be a polarized 
Barth-Verra surface of genus g. 


Observe that in Definition 0.3, the condition that L be big and nef only amounts to choosing 
a sign for L and does not impose additional conditions on the lattice. Key in our proof of 
conjecture (ii) from [BV| is a specialization of Xg to an elliptic surface. We consider the lattice 


Lg with ordered basis {E, F, r/} and having intersection numbers 


= 0, F^ = —2, g^ = —4, E - T = 1, E ■ g = T ■ g = 0. 


Let Yg denote a general Dg-polarized K3 surface; as we have a primitive embedding 

Tg fig, L I—)• F + gE, g ^ g, 

we may deform Xg to Yg. By studying the Mordell-Weil group MWiYg) of the elliptic hbration 
Yg —)• induced by the pencil \E\, we show: 

Theorem 0.4. For each i > 2, there exist finitely many elliptic fibres F G \E\, such that 
gFfPic\F)[£]-{OF}. 
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Every divisor in the linear system |r + gE\ on the surface Yg decomposes as a sum 

r + El + • • • + Eg, 


for Ei G |E|, where we allow repetitions. This enables us to use Theorem 0.4 in order to describe 
the space of divisors C G |r+g'E| on Yg, such that rjc is an Etorsion line bundle. Under a certain 
transversality assumption which is verified in Sectio n all these divisors end up being reduced, 

( 2^2 _Q\ 

9 ' 

divisors C G |r + gE\ such that = Oc, which correspond to choosing g of the — 2 points 
of intersections T • T^, where Ti is the section of Yg —)• corresponding to i times a generator of 
MWiYg) = Z and T G MW{Yg) is the neutral element. Via a further specialization to Kummer 
surfaces, we establish in Sectionthe transversality assumption necessary to complete the proof 
of the conjecture in [BVj . 

Before stating the next result, we recall that g{n) denotes the Mobius function. We also use 
the convention (.|=0if6>a. 


Theorem 0.5. For a general Barth-Verra surface Xg of genus g > 3, there exist precisely 

curves C G |L| such that g®^ = Oc- All such curves C are smooth and irreducible. 

The number of curves C such that gc has order exactly I is strictly positive and given by the 
following formula: 


- 2 
V 9 


Em 




We apply Theorem |0.5|in order to construct a point in the moduli space for which the 
Prym-Green conjecture from [GEES] can be shown to hold. We take a general Barth-Verra 
surface Xg with Pic(Vg) = Z-L©Z-t/ as above, then choose one of the (smooth) curves C G \L\ 
such that gc has order I, thus [C,gc] G 

Following broadly the lines of m, we then check that for odd g, the following Koszul 
cohomology groups vanish: 

Kg-3 , (C, Kc <S> g) = 0 and Kg-r JC, Kc 0g) = 0. 

The case of curves of even genus g is similar and we show in Section 4, that for a section 
[C, gc] G Eg^^ of a Barth-Verra surface as above, the following statements hold: 

-^f-4,2(C', Ec ( 8 ) ry) = 0 and K!i_i i{C,Kc ® gc) = 
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(BVj. We thank the two referees for several helpful corrections and improvements. In particular, 
a strengthening of the original version of Theorem 0.5 is due to a remark of the referee. This 
work was supported by the DEG Priority Program 1489 Algorithmische Methoden in Algebra, 
Geometric und Zahlentheorie. 


1. Moduli spaces of sheaves on K3 surfaces 

In this section we gather some results on moduli spaces of sheaves on A3 surfaces that we 
shall need and refer to m for background. We shall use these moduli spaces to study families 
of line bundles on (possibly reducible and/or non-reduced) divisors on K3 surfaces. If X is a 
variety, OCX and A G Pic(X) is a line bundle, we set Ac := A © Oc- 
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Lemma 1.1. Let {X, H) he a smooth polarized K3 surfaee and i : C ^ X a curve in the linear 
system \H\. Let A £ Pic(X) be a line bundle. Assume that for any effective subcurve C C C, 
we have 


(1) A-C = A-C, 

(2) if C nontrivial with C / C, then {C ■ C) > (C")^. 

Then i^{Ac) is a stable eoherent sheaf on X with Mukai vector v 


(0,H, {A-H)-{Hf/2). 


Proof. We set N := Ac and first show that LN is pure, i.e. the support of any non-trivial 
coherent subsheaf B C uN is of pure dimension 1. It is clearly enough to show that Oc is pure 
and for this it suffices to show that is has no embedded points, see m Pg. 3]. Since (7 is a 
divisor in a smooth surface, it is Cohen-Macaulay, so that C contains no embedded points, see 
for instance |SPj . Lemma 30.4.4. 

We now establish the stability of Let B C be a coherent proper sheaf. By 

adjunction, we may write B = iit{B') for a coherent subsheaf B' C N. We have an exact 
sequence 

B'^Oc ^Oz 

where Z C C is a closed subscheme. Let C be the complement of the union of all zero¬ 
dimensional components of Z; this is a subdivisor of C and C C as B' has one-dimensional 
support. We have ci{i,tNz) = since a divisor is determined by its restriction to an 

open set whose complement has codimension two. From the exact sequence 

0 ^ A{-C') -^A^ uNc> 0, 

we obtain ci{i^Nz) = C and likewise ci(z*A^) = C. Thus ci{B) = C — C. From Hirzebruch- 
Riemann-Roch, for any coherent sheaf E of rank r{E) on a K3 surface, one can express its 
Hilbert polynomial with respect to H as 

riEf^ 

P{E, m) = —^—wf + m{H ■ ci{E)) + x{E), 

since ci{X) = 0. Thus in the case r[E) = 0, the reduced Hilbert polynomial, |HLl Def. 1.2.3], 
has the form p{E, m) = m + jjccXe))' prove stability of we need to show that 

X{B') ^ 

(c-c')-c C 2 ■ 

If C' is trivial, then Z is non-empty and has zero-dimensional support, so 

X{B') = x{N) - xiNz) < X{N) 

and the claim holds. Thus we may assume 0 ^ C C. We have x{B') = x(A^) — xi^z) < 
x(iV) — xi^C’)- Thus it suffices to show 

x{Nc>)-{Cf>x{N)-{C'-C). 

We have 2x(A^c') = 2x(^) — 2x{A{—C')) = 2{A • C') — (C")^ and likewise, we write that 
2x{N) = 2{A • C) — (C)^. The claim now follows from the assumption {A • C) = {A • C), as well 
as the inequalities (C)^ > {C ■ C), which follows from the ampleness of the divisor C £\H\ and 
the inequality (C" • C) > (C")^ respectively, which holds by assumption. □ 


Let X,A and C as above and set v := yO,H, {A ■ H) — (i7)2/2j. The coarse moduli space 

Mx{v) of semistable sheaves on X with Mukai vector v is known to be projective of dimension 
v'^ + 2 = {H)"^ + 2 =: 2g. The open subset Mf^{v) consisting of stable sheaves is known to be 
smooth. For a curve C C X, we denote hy i '. C ^ X the inclusion map. 
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Lemma 1.2. Let {X,H) be a smooth polarized K3 surface and a line bundle A G Pic(X) with 
{A ■ H) = 0. Assume that every curve C G \H\ satisfies the assumptions of Lemma with 
respect to A. Then the following closed set 

Z := [iMc) = u{Oc) : C G \H\^ C 

is the intersection of two closed subsets Z\ and Z^ of Mf^{v) both of dimension g. In particular, 
Z has expected dimension zero. 


Proof. Under our assumptions both sheaves i^{Ac) and i^{Oc) are stable with the same Mukai 
vector V. Let Z\ be the closed locus of Mx{v) parametrizing points of the form z*(Ac) and Z 2 
the locus parametrizing points of the form Both Zi and Z 2 are of codimension g inside 

Mx{v). Then Z = Z{X, H, A) := Zi n Z 2 . □ 


Remark 1.3. Lemma 1.2 will be used later in a relative setting. Precisely, if {Xt, Ht, At)t^T is a 
flat family of objects as in Lemma |l.2| over an irreducible base T for which there exists a point 
0 G T such that the subvariety Z{Xq,Hq,Aq) is 0-dimensional, then since the construction of 
the varieties Zi and Z 2 can clearly be done in relative setting, it follows that Z{Xt, Ht, At) is 
0-dimensional for a general t € T. 


2. The elliptic K3 surface Yg 

In this section we study the elliptic n^-polarized K3 surface from the introduction. By 
definition, Yg is a general K3 surface with Picard group given by the rank three lattice Hg 
having an ordered basis {E, P, r]} and with the following corresponding intersection matrix 

0 1 0 \ 

1-2 0 , 

0 0-4/ 

such that P -|- gE is a big and nef class. Such K3 surfaces exist by the Torelli theorem and by 
results of Nikulin, see for instance |Dol) or |Moj . 

Lemma 2.1. IfYg is a general Llg-polarized K3 surface, then one may choose the basis {E, P, rj} 
of Pic{Yg) such that E, P are represented by integral curves. Furthermore all fibres of \E\ are 
integral and nodal and P avoids the nodes. 

Proof. Consider the elliptic K3 surface S' —)• described by the Weierstrass equation 

y^ = x{x^ + a{t)x + h{t)), 

for general polynomials a{t) respectively b{t), of degree 4 respectively 8; this has already been 
studied in [vGSl §4] and [HKl §3]. The surface S has two disjoint sections a respectively r 
given by X = z = 0 respectively x = y = 0. Further S has 16 singular fibres, all nodal, 8 of 
which are integral and 8 of which have two components. Let A^i,..., Ng be the components of 
the reducible singular fibres avoiding a, and let E denote the class of a general fibre of S —)• P^. 
There is an integral class 

^ 1 ^ 
i=l 

We have a primitive embedding Llg ^ Pic(Z) given hy E F, P 1 —?■ cr and r] N. 

If Tq is the moduli space of fig-polarized K3 surfaces considered in m, then it follows by 
degeneration to S that there is a non-empty open subset U C such that for all [Yg] G U, 
we have Pic(lj;) = Llg and we may choose the basis {E, P, g} such that E, P are represented 
by integral effective divisors and furthermore all fibres of \E\ are nodal and P avoids the nodes. 
Further, if [Yg] G U and Yg denotes the complex conjugate (that is, the complex surface obtain 
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by changing the complex structure by sign), then clearly the same statement holds for Yg. The 
moduli space has at most two irreducible components, which, locally on the period domain, 
are interchanged by complex conjugation. Thus, if Yg is general, we may choose the basis 
{E, r, 7]} such that E, T are represented by integral effective divisors and furthermore all fibres 
of \E\ are nodal and T avoids the nodes. 

It remains to show that we can also choose all fibres of \E\ to be irreducible. Suppose F € \E\ 
is a reducible fibre. Then there is a smooth rational component R C F. Write R = aE + bT + cr] 
for integers a, b, c. We have {R- E) = 0 as E is nef and {E)‘^ = 0, which implies 6 = 0 and then 
{R)'^ = —4c^, contradicting = —2. □ 

A general surface Yg as above is endowed with an elliptic fibration —)■ induced by \E\. 

Recall that the Mordell-Weil group MW{Yg) is the abelian group consisting of the sections of 
—>■ P^. Addition is defined by translation in the fibres, with points on T serving as origins. 
The section T G MW(Yg) is the zero element of the Mordell-Weil group. 

Lemma 2.2. The group MW(Yg) is infinite eyelic, with generator given by the seetion 

Ti:=2E + T + rj. 

For any m G Z, the element Tm := mPi G MWiYg) corresponds to the section 2mfiE + r + mr]. 
Proof. This will follow immediately from [SSI Theorem 6.3], once we show that 

Tm := 2171^E + r + mt] 

is the class of a irreducible smooth rational curve for any nonzero integer m. We have (Tm)^ = 
and {Tm ■ E) = 1, so Tm is effective. Assume Tm is not integral. Then there exists a component 
R of Tm, with {R ■ Tm) < 0 and = —2. Write R = aE + bT + cp for integers a,b,c. As 
E is nef, {R ■ E) > 0 so b > 0. Further, Tm — R is effective so E ■ {Tm — R) > 0, which gives 
6 G {0,1}. If 6 = 0, then (R)^ = —4c^, so we must have 6 = 1. Then (R)^ = —2 gives a = 2c^ 
and {R ■ Tm) = 2{m — c)^ > 0, which is a contradiction. □ 

The following result is central to our analysis. 

Proposition 2.3. Let Yg be general Fig-polarized K3 surface and F G \E\ be a divisor. The 
restriction rjF satisfies = Op if and only if F passes through Ti n T. For each i > 2, there 
are at most finitely many curves F G \E\ such that rjp is torsion of order i. If, in addition, the 
sections Tm and T meet transversally for all m = 1,... ,i, then such curves F exist. 

Proof. Every fibre F of the fibration Yg —?■ P^ is at worst nodal with T avoiding the nodes 
and Ep = Op. Thus ijp satisfies the condition = Op if and only if = Tj^. As the 
line bundle Op{Tp) G Pic^(E) has a single section, this occurs if and only if F passes through 
Ti n r. Since {Ti • T) = 2£^ — 2 > 0 for £ > 2, there exist finitely many curves F G \E\ such that 
= Op. Since Ti H T = 0, the restriction rjp is never trivial. 

Assume now that Tm and T meet transversally for each 1 < m < £. There exist 2m^ — 2 
elliptic fibres F such that r]p is nontrivial and i?®™ = Op. We wish to prove that there exists 
a curve F such that gp is a torsion line bundle of order precisely i. To that end, for A; > 0, we 
introduce the arithmetic function [HWi 16.7] 

(Tfc(n) ;= '^d^. 
d\n 

It suffices to prove that for n > 2 

-(2n^ - 2) + ^{2d‘^ - 2) < 2n‘^ - 2. 

d\n 
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This is equivalent to (T 2 (n) < 2n^ + cTo(n) — 2 . Since cro(n) > 2 for n > 2 , it suffices to show 
(J 2 {n) < 2'n?. Let n = YVi=iPT decomposition into distinct prime factors. We have 


r 2{a,+l) , 

i=l 


pf-i 


and then the desired inequality follows from the obvious inequality 


2{ai+l) _ ^ 
_ 2 

pj-1 


< 2 pf\ 


□ 


Definition 2.4. Let tt : S ^ be an elliptic fibration with a section s : ^ S and set 

r := Im(s). We denote by Tging C T the locus of points t G such that is singular. 

For the next result, we recall that the Mobius function p{n) is defined by p,{pi ■ • -pk) = (—1)^ 
if pi,... are mutually different primes and /i(n) = 0 if n is not square free, see |HWt 16.3]. 

We also fix integers 5 > 3 and l>2 such that i > \j 2^. Recall that a node p of a connected 
nodal curve C is said to be disconnecting if the partial normalization of C at p is disconnected. 


Proposition 2.5. Let Yg be as in Lemma 2.1, set L = gE + F and consider the Mukai vector 
V = {0, L,1 — g). Assume the sections Tm and T of Yg meet transversally for m = Then 

there is a D-dimensional closed subscheme Z = Z{Yg, L,r]®^) C My^{v), nonempty if and only 

if 9 Y 2^^ — 2, classifying curves C G \L\ with i*{ri®^) = i^{Oc)- All curves C € Z are nodal 

( 2^2 _ 2 \ 

g j points. The number of 

curves C G Z such that oid{r]c) = £ equals 


(3) 


d\e 


2 d^ - 2 
9 


> 0 . 


If we furthermore assume that F n C F \ Fsmg, then all nodes of all curves C G Z are 
disconnecting. 


Proof. The line bundle L G Pic(y^) is ample for g > 3. Furthermore, any C G |T| has the form 
C = F + Pi + ... + Eg, for Pj G |P|. For such a curve C, we denote by i : C ^ Yg the inclusion. 
If is trivial for i > 1, then certainly is trivial. 

It follows from Proposition 2.3 that there are at most finitely many divisors C G \L\ with 
— i*{Oc)- For all such C, we have rjc / Oc- Furthermore, it is easily seen that the 
conditions of Lemma 1.2 are satisfied for the P3 surface Yg, the polarization H := L and the 


line bundle A := rp 
only li 9 < 2 ^ — 2 . 


To establish the first statement, we only need to check that Z 7 ^ 0 if and 


Let C G \L\ be a reduced divisor of the form 

9 

C:=T + Y,Ei, 

i=l 

with Ei G \E\ such that tje^ is Ptorsion; such divisors exist due to the assumption that Ti and 
F meet transversally and correspond to choosing curves Pj G |P| passing through one of the 
2£^ — 2 points of intersections of Ti and F. There are choices for C. The situation can 

be summarized pictorially in Figure 

The curve C being tree-like, that is, its dual graph becomes a tree after removing self-edges, a 
line bundle on C is determined by its restrictions to the irreducible components F, Pi, ..., Eg. 
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Figure 1. The elliptic surface Yg 


We have that restricts to a trivial bundle on each component of C, hence = i^{Oc)- 

Note also that each such C is nodal. Since F n C F \ Fsing, each elliptic component of C is 
smooth, so that each node of C is disconnecting. 

( 2^2 _ 2 \ ^ 

g j points. The results of |BVj 

show that the underlying set of Z, when finite, contains at most g~‘^) points, provided g < 

2i‘^ — 2. Note also that the assumption (2) on |BVl p.5], namely = 0, needed 

in order to carry out the degree calculations in loc.cit. holds. Indeed, otherwise there exists 
Ml G |L — iri\. Since g < — 2, one has dim |(2Z^ — g)E + r| > 2 so pick M 2 G \{2l^ — g)E + r|. 

Then r_£ = Mi + M 2 . As is an integral (—2) curve, this is not possible. We conclude that 
Z consists of points, provided g < 21“^ — 2. 

In the case, g > 2^ — 2, this analysis shows that Z = 0. In fact, if C G Z, then C must 
be nonreduced. Furthermore, we have C G Z(Yg, for any positive integer m. But, 

by the preceding paragraphs, all points in Z{Yg, correspond to reduced curves, for m 

sufficiently large. 

For any nontrivial divisor d\l, there are precisely curves C (z Z satisfying = Oc- 

Let F{d) denote the number of elements C ^ Z such that ord(ryc) = d. We obtain the relation: 



Equation is then a consequence of the Mobius inversion formula [HWl 16.4] appl ied to the 


2.3 


there 


arithmetic function E. To see that F{1) >0 for 2£^ — 2>g, note that by Proposition 
exist reduced C G \L\ of the form C := F + with ord(ry£;i) = i and such that gEi is 

I'-torsion for all i. For such a C, one must have ord(ryc) = i. □ 


3. TrANSVERSALITY of SECTIONS OF ELLIPTIC SURFACES 

We now verify that the transversality assumption of Proposition |2.5| is verified for a general Qg- 
polarized K3 surface Yg. This shows that the results of the previous section hold unconditionally, 
confirms the expectation of |BVj and hnishes the proof of Theorem |0.5[ 

Our method of proof is to specialize to a Kummer surface of the form Kum(Fl x E), for 
an elliptic curve E with an origin 0 G FI. We denote hy t : E ^ E the involution given by 
l{p) := —p. For n G Z>o, we denote by E[n] the set of n-torsion points of E. Consider the 
elliptic fibration 


Kum(.F xE) ^ E/l, 
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given by the projection onto the first factor; we think of Kum(£^ x E) as an elliptic surface with 
this fixed fibration. We abuse notation and let E C Kum(S x E) denote the class of a smooth 
fibre. The elliptic fibration has a zero section T C Kum(£' x E), given by the strict transform 
of the image of the curve 

r := {(p, 0) I p G i?} C E X E 

under the quotient map. For each integer m 7 ^ 0, we denote by Tm C Kum(F^ x E) the strict 
transform of the image of the curve Cm ■= {{p, 2m ■ p) \ p £ E^ C E x E. 

Lemma 3.1. Let E be an elliptic curve and consider the Rummer surface Kum(F^ x E). Then 
Tm is a smooth section ofKum.[E x E), and the curves F and Tm meet transversally in 2rnf — 2 
points. Furthermore, Tm H F C F \ Fsi^g. We have the linear equivalence in Pic(Kum(£' x E)): 

Tm = 2m(m — l)E + (1 — m)F + mTi. 


Proof. It follows from [Shi Proposition 3.1] that Tm is a smooth section. Further, Cm and F 
meet transversally in 4m^ points of the form (p, 0), with p G E\flm]. Of these points, precisely 
4 are of the form (u, 0) with u G E[2]. They do not contribute to the intersection of Tm and F. 
Hence Tm and F meet transversally at 2m^ — 2 points. None of these points lie in Fsmg (recall 
Dehnition 2.4). 


To compute the class of Tm, let A C Pic(Kum(i? x E)) denote the lattice generated by E, F 
and all fibre components avoiding F. From m Proposition 3.1] and [SSI Theorem 6.3], we have 
the expression Tm = mTi + y, for some p G A. Write y = aE + bT + D for integers a, b, where D 
is a sum of fibre components avoiding F. As Tm and Ti are sections, intersecting with E shows 
that b = 1 — m. Intersecting with F then gives 2m?‘ — 2 = a — 2(1 — m), so a = 2m(m — 1). 
Lastly, one easily computes (Ti • Tm) = 2{m — 1)^ — 2 in the same manner as the computation of 
(F • Tm). After evaluating [Tm — mTi)^, this produces {D)'^ = 0, which implies that D is trivial, 
since 11 is a sum of hbre components avoiding F. □ 


To finish the proof, we only need to show that the embedding 


(f) : Llg ^ Pic(Kum(F^ x E)) 

given by i? I—)• F I— 7 - F and p 1 —>■ Ti — 2E — F is primitive (since Ti does not lie in A by 

m Proposition 3.1], the map (f> is indeed an embedding). It will then follow by specialization 
to Kum(i? X E) that the transversality assumption of Proposition 2.5 is verified for a general 
surface Yg. 

Lemma 3.2. The embedding 4> : Llg ^ Pic(Kum(i? x E)) is primitive. 


Proof. Let A denote the smallest primitive sublattice of Pic(Kum(£^ x E)) containing the image 
of Qg, that is, 

A = Im(Hg) (g)^ Q n Pic(Kum(£' x E)). 

Since Llg has discriminant 4, it follows that disc(A) = ^ for some positive integer k. If (f is not 
primitive, we must have disc(A) = 1 , which implies that A is a rank 3, even, unimodular lattice. 
But no such lattice exists since the signature of any even, unimodular lattice is necessarily 
divisible by 8 , see |HMl Chapter II, Theorem 5.1]. □ 


We will also need the following facts: 

Lemma 3.3. Let Xg he a Barth-Verra surface of genus g. Then the class eg G Pic(Ag) is not 
effective, for any c G Z. Furthermore, every divisor D £ \L + cpj is integral. 
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Proof. Indeed, suppose cr] is effective. Since {cr])‘^ = —4c^, there exists an integral component 
R of CT] with {R ■ cr]) < 0, so that R is not nef and thus = —2. But then {L ■ r]) = 0 and L 
is nef, so we must have {R- L) = 0. Thus if i? = aL + br], for integers a, b, one must have a = 0 
so (i?)^ = —45^, contradicting that (i?)^ = —2. 

Now assume \L + ct]\ ^ 0, and suppose we have Di + D 2 G \L + cr]\, for effective divisors 
Di = OjL + bit], i = 1,2 and integers ai,bi. Intersecting with the nef line bundle L, it follows 
tti > 0. Since 01 + 02 = 1, we may assume oi = 0. As Di = bir] is effective, we must have 61 = 0, 
that is, Di = 0. Thus all divisors D € \L + cr]\ are integral. □ 

In the interest of completeness, we record the following elementary lemma. 

Lemma 3.4. Let vr : C ^ B be a flat, proper family of eonnected, nodal curves of genus g. 
Let 0 £ B, and assume all the nodes of are diseonnecting and that 7T~^{t) is integral, for 

t £ B — {0}. Then there is an open subset U <£ B sueh that 7r“^(t) is smooth, for t £ U — {0}. 

Proof. Denote by m : B —?■ Aig the moduli map induced by tt. The hypothesis implies that the 
point m(0) corresponding to the stable model of 7r“^(0) does not lie in the boundary divisor 
Aq of Mg of irreducible singular curves and their degenerations. Then there exists an open set 
0 £ U C B, such that m{t) := [vr“^(f)] £ Mg — Aq, for all t £ U. Since is assumed to be 

integral, the conclusion follows. 

□ 


Proof of Theorem 0.5. As already explained in the introduction, we can deform a general Barth- 


Verra surface Xg to a general Dg-polarized surface Yg. By Lemma 3.3 


the linear system \L\ are integral. The result follows from Lemma |1.2 
the transversality result above. Indeed, from Proposition 


2.5 


all curves from Z{Yg,L,r]®^) are 
nodal with only disconnecting nodes. This ensures that Lemma |3.4|can be applied. From [BVj 


all divisors C C Xg in 


Proposition 2.5 and 


we have that the support of Z = Z{Xg,L 
deformation to Yg and Proposition 


2.5 


(2p-2 

9 


contains at most 
_ 0\ 

j points 


) points, whereas by 
all 


By Lemma 


curves corresponding to points in Z are smooth 


3.4 


□ 


4. Syzygies of paracanonical curves on Barth-Verra K3 surfaces 


In this section we prove Theorems 
consider a Barth-Verra K3 surface X. 
Definition 


0.1 


and 


0.2 


We fix integers g > 7 and i > \/and 


genus g having Pic(Ag) = = Z • L © Z • r/ as in 


0.3 


We set H := L + rj £ Pic(Ag), thus the smooth curves from the linear system 


I FI I have genus g — 2 . 


Using Theorem 0.5, there exists a smooth genus g curve C £ \L\, such that ovd{r]c) = In 
particular, [C, gc] G '^g,e nnd 

^\Ha\ ■■ C 


is a level £ paracanonical curve. We shall verify Theorems 0.1 and 0.2 for [C,r]c]} depending on 
whether g is odd or even. Our proof follows along the lines of |FKj and here we just outline the 
main steps, while highlighting the differences. 

We first need a lemma. 

Lemma 4.1. Assume g >7. Then H^{Xg,qH — L) = 0 for q>l. 


Proof. For g = 1, we write H — L = p, which has no first cohomology from Lemma 3.3 We now 
prove the claim by induction on g > 2. We have 2H — L = L + 2r]. Suppose for a contradiction 
that h^{Xg, L + 2r]) > 0. As we are assuming g > 7, we have (L + 2r/)^ > —4 and furthermore 
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L ■ [L + 2r]) > 0, so L + 2?/ is effective by Riemann-Roch. Choose any D € \L + 2ri\. We obtain 
h^{OD) = h^{^gi^Xg{—D)) + 1 = h^{L + 2ri) + l > 1, by assumption. This contradicts Lemma 


We now prove the induction step. Choose a smooth element D € \H\ is smooth. For q > 2, 
we have a short exact sequence 

0 ^ OxgiqH -L)^ Oxgiiq + 1)^- - L) ^ iOD{{q - l)H + r?) ^ 0. 

Since H ■ {{q — 1)H + t/) > 0, the claim follows by induction. 

□ 


Using the vanishing provided by Lemma [4.1t we are in a position to write down Green’s exact 
sequence m Theorem S.b.l] of Koszul cohomology groups on X = Xg: 


(4) -> Kp,giX, H) Kp^giC, He) 

where the group iLp_i^q+i(X, —C, H) is computed by the following part of the Koszul complex: 

p p-i 

- > /\ H^iX, H) ® H^{X, qH-C)^ l\ H^{X, H) ® H^{X, {q + 1)H - C) 

p-2 

/\ H°{X, H) ® H\X, {q + 2)H-C)^-- - . 


dr) — 


'P-1,9 + 1 


dr) — 


'P—1,0 + 1 


4.1. The Prym—Green Conjecture in genus g = 2i+b. According to [CEFSj . the naturality 
of the resolution of the paracanonical curve C C is equivalent to the following statements: 

= 0 and Ki_i, 2 (C, i/c) = 0. 

Using the sequence Q for (p, q) = {i + 1,1) and (p, q) = {i — 1, 2) respectively, it suffices to show 

(5) iLi+i,i(A,R-) = 0 and K,_i, 2 (X, FT) = 0, 
respectively 

(6) K,^ 2 {X,-C,H) = Q and Ki_ 2 , 3 (A,-G, iF) = 0. 

Proposition 4.2. For a Barth-Verra surface Xg of genus g = 2i + 5, we have that: 

Ki+ei{X,H) = 0 and Ki_e 2 {X, H) = 0. 

Proof. Building upon Voisin’s fundamental work m and |V2| . the Koszul cohomology of every 
polarized K3 surface (A, H) is completely determined in m- Precisely, if G |iF| is a general 
element of the linear system, in accordance with Green’s Conjecture, it is shown in m that 

Kp^ 2 {X, H) = 0, for p < Cliff (D), and 

Kp,i(A,iF) = 0, forp>2f + 2-Chff(D). 

Since D is a, curve of genus g — 2 = 2f + 3, it suffices to show that the Clifford index of D 


is maximal, that is, Cliff(Il) = z + 1. But Lemma 3.3, together with a well-known result 
of Lazarsfeld |Laj . implies that the general element of |FF| is smooth and Brill-Noether-Petri 
general. In particular, it has maximal Clifford index. □ 

We recall that if Z) is a smooth curve and L G Pic(Z)) is a globally generated line bundle, one 
denotes hy Mr, the kernel bundle defined by the exact sequence: 


( 7 ) 


0 


Md 


H^iD,L) 


Od^L 


0 . 
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Proposition 4.3. For a general Barth-Verra surface Xg of genus g = 2i + 5, the following 
holds: 

Ki^2iX,-C,H)=0 and -C, H) = 0. 

Proof. Using |FKl Lemma 2.2], we can restrict the above Koszul cohomology groups to a general 
curve D € \H\ to obtain isomorphisms: 

K,^ 2 {X,-C,H)^Ki^ 2 {D,-CD,KD) and Ki_ 2 , 3 {^,-C, H) ^ Ki_ 2 , 3 {D,-Cd, Kd). 

By taking exterior powers and then cohomology in the exact sequence Q, we obtain: 

i 

Ki^ 2 {D,-CD,Kn) = H^[D,/\MK^^{ 2 Kn-CD)) and 

i —1 i —1 ^ 

K,.2,3{D, -Cd, Kd) = (d, /\ Mko ® {2Kd - Cd)) = H°(^D, /\ ® {Cd - Kd)) • 

By direct calculation we obtain the following slopes: 
i— 1 

® {Cd - Kd)^ =2i + 2 = g{D) - 1, and 

i 

h(^/\MKn ® {2Kd — Cd)^ = 2i < g{D) — 1. 

In particular, both these vector bundles are expected to have no non-trivial 
check this fact for one particular Barth-Verra surface, one proceeds exactly 
Namely, we specialize X to a hyperelliptic K3 surface X with Picard lattice 
basis {L, g, E} and intersection form: 

4i + 8 0 2 \ 

0 -4 0 . 

2 0 0 / 

Since Tg can be primitively embedded in Tg, the surface X can be specialized to X, where both 

y \ / \ (T) ( 2 

curves C and D become hyperelliptic. In particular, splits as {OniEDVr , ^here 

Ed the degree 2 pencil on D, and one checks directly like in |FK1 Lemma 3.5] that 

i —1 i 

(^D, /\ ® {Cd - Kd)) = 0 and [d, /\ Mk^ ® { 2 Kd - Cd)) = 0. 

□ 


global sections. To 
like in §3 of IEkQ 
Tg having ordered 


Proof of Theorem 0.1. Propositions 4.2 and 4.3 complete the proof of Theorem 0.1 for g > 7. 


For 5 = 5, the Prym-Green Conjecture amounts to the one single statement 


Ki^i{C,Kc 0 I?) = 0, 

or equivalently, a general level paracanonical level i curve C ■=)• P^ of genus 5 lies on no quadric 
surfaces. Since such a quadric has rank at most 4, this is equivalent to the statement that for a 
general [C,g] G the torsion point g cannot be written as the difference of two pencils from 
Wj{C) . This is a simple exercise that can be solved via limit linear series, by degenerating C 
to a curve of compact type C U E, consisting of an elliptic curve E and a genus 4 curve C . □ 


^We take this opportunity to point out a typo in |FK1 Corollary 3.4]: the conclusion should be Kj^ 2 {Zg, H) = 0 
for j < p. 
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4.2. The Prym—Green Conjecture in genus g = 2i + 6. Using a level i curve [C,r]c] £ 

lying either on a general Barth-Verra surface X as above (when i > or on a Nikulin 

surface when = 2 as in m, we are able to show that 

Ki+ 2 ,i{C,Kc ^rjc) = 0 and Ki_i^ 2 {C,Kc ® rf) = 0. 


As pointed out in the introduction, this result is not quite optimal, for the Prym-Green Con¬ 
jecture predicts the stronger vanishing Ki^ 2 {C, Kc ®rj)= Kc <8> ??) = 0 (at least when 


£ > 3). This result cannot be achieved with the methods of this paper, see Remark 4.4 
Proof of Theorem 0.2 Using (|^ the conclusion follows once we prove that 

Ri_i, 2 (X,i/) = 0 and Ki+2,i{X, H) = t), 

as well as, 

Ki_ 2 ,z{X,-C,H) = {) and Ki+i^ 2 {X,-C,H) = t). 


These are the precise analogues in even genus of Propositions |4.2| and 4.3 respectively and the 
proofs are identical, so we skip the details. □ 


Remark 4.4. Keeping the same notation as above, using (|^ we can write the exact sequence: 

• • • Ki+1,1 (A, -C,H)^ Ki+1,1 (A, H) Ai+1,1 (G, Kc®rjc)^-- - ■ 

Clearly Aj+i_i(A, —C, ff) = 0 whereas Aj_|_i^i(A, ff) / 0, therefore Kij^i^i{C,Kc ® rf) / 0 as 
well. In other words paracanonical curves of genus 2i -|- 6 on Nikulin or Barth-Verra surfaces do 
not satisfy property (Aj) predicted by the Prym-Green Conjecture. 
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